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PERMUTATION POLYNOMIALS INDUCED FROM
PERMUTATIONS OF SUBFIELDS, AND SOME
COMPLETE SETS OF MUTUALLY ORTHOGONAL
LATIN SQUARES
MICHAEL E. ZIEVE
Abstract. We present a general technique for obtaining permu-
tation polynomials over a finite field from permutations of a sub-
field. By applying this technique to the simplest classes of permu-
tation polynomials on the subfield, we obtain several new families
of permutation polynomials. Some of these have the additional
property that both f(x) and f(x) + x induce permutations of the
field, which has combinatorial consequences. We use some of our
permutation polynomials to exhibit complete sets of mutually or-
thogonal latin squares. In addition, we solve the open problem
from a recent paper by Wu and Lin, and we give simpler proofs
of much more general versions of the results in two other recent
papers.
1. Introduction
A complete mapping of a group G is a permutation φ of G for which
the map α 7→ αφ(α) is also a permutation of G. Complete mappings
were introduced by Mann [8], in the context of constructing orthog-
onal latin squares. Complete mappings were subsequently shown to
have several other combinatorial consequences, including neofields, Bol
loops, and partitions of G for which the partial products have certain
properties [6, 7, 10, 11]. In the past few decades, several authors have
studied complete mappings on the additive group of a finite field Fq.
Since every function Fq → Fq can be written as α 7→ f(α) for some
polynomial f(x) ∈ Fq[x], complete mappings on Fq can be studied in
terms of polynomials, which facilitates the use of algebraic techniques.
We use the following terminology: a permutation polynomial over Fq
is a polynomial f(x) ∈ Fq[x] for which the function α 7→ f(α) defines
a permutation of Fq. A complete permutation polynomial over Fq is a
polynomial f(x) ∈ Fq[x] for which the function α 7→ f(α) defines a
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complete mapping on Fq; in other words, both f(x) and f(x) + x are
permutation polynomials over Fq. Recently several papers have been
written exhibiting families of permutation polynomials, some of which
are complete. Many of the results in these papers are easy consequences
of a general result (Lemma 2.1) which reduces the question of whether
a certain type of polynomial permutes Fq to the question of whether a
different polynomial permutes some subgroup of F∗q .
In this note we show that this method applies especially well in
case the subgroup of F∗q is the multiplicative group of a subfield FQ of
Fq. In this case we can use Lemma 2.1 to produce new permutation
polynomials over Fq from known permutation polynomials over FQ.
Our construction is based on the following result:
Theorem 1.1. Pick h ∈ Fq[x] where q = Q
m, and let r be a positive
integer. Then xrh(x(q−1)/(Q−1)) permutes Fq if and only if
(1) gcd(r, (q − 1)/(Q− 1)) = 1 and
(2) g(x) := xrh(x)h(Q)(x)h(Q
2)(x) . . . h(Q
m−1)(x) permutes FQ,
where h(Q
i)(x) denotes the polynomial obtained from h(x) by raising
every coefficient to the Qi-th power.
We emphasize that the usefulness of this result is that permutation
polynomials over FQm are being constructed from permutation polyno-
mials over FQ. This enables one to start with well-understood permu-
tation polynomials over FQ, such as x
n or Dickson polynomials, and
use them to construct new permutation polynomials over FQm . We
also remark that g(x) = xrN(h(x)), where N denotes the norm rela-
tive to the field extension Fq(x)/FQ(x); in particular, it follows that
g(x) ∈ FQ[x].
Theorem 1.1 becomes especially simple in case h(x) ∈ FQ[x]:
Corollary 1.2. Pick any h ∈ FQ[x], let q = Q
m, and let r be a positive
integer. Then xrh(x(q−1)/(Q−1)) permutes Fq if and only if
(1) gcd(r, (q − 1)/(Q− 1)) = 1 and
(2) g(x) := xrh(x)m permutes FQ.
Condition (2) can be simplified when m is coprime to Q− 1:
Corollary 1.3. Pick any h ∈ FQ[x], let r,m, n be positive integers such
that mn ≡ 1 (mod Q − 1), and put q = Qm. Then xrh(x(q−1)/(Q−1))
permutes Fq if and only if
(1) gcd(r, (q − 1)/(Q− 1)) = 1 and
(2) g(x) := xrnh(x) permutes FQ.
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Note that in this corollary we can begin with an arbitrary permuta-
tion polynomial H(x) over FQ; writing H(x) − H(0) = xh(x), it fol-
lows that xh(x(q−1)/(Q−1)) permutes Fq whenever q = Q
m with m ≡ 1
(mod Q − 1). Thus, this special case of our construction enables us
to produce permutation polynomials over extensions of FQ from an
arbitrary permutation polynomial over FQ. These permutation poly-
nomials have coefficients in FQ, which is a situation studied by Carlitz
and Hayes [3]; however, our approach is different than theirs, and we
know no precise connection between our results and theirs.
In the next section we prove Theorem 1.1 and the above corollaries,
and also give further applications of Theorem 1.1 in which h(x) /∈ FQ[x].
In these latter applications, we choose h, r and m so that g(x) will
have degree at most 5. We restrict to these degrees solely for the pur-
pose of having a short list of applications; our method can be used
with higher-degree g(x) to produce arbitrarily many further families
of permutation polynomials. In Section 3 we use these new classes of
permutation polynomials to construct new families of complete per-
mutation polynomials, and in particular we answer the open problem
of Wu and Lin [14] by constructing complete permutation polynomials
over F22e . In Section 4 we use our new permutation polynomials to
construct complete sets of mutually orthogonal latin squares. Quite
special cases of some of our applications of Theorem 1.1 were obtained
via lengthy computations in two recent papers by Tu, Zeng and Hu
[12] and Xu, Cao, Tu, Zeng and Hu [15]. In Section 5 we explain how
the results of [12] and [15] follow from our results.
2. Permutation polynomials from permutations of
subfields
In this section we exhibit some families of permutation polynomials
over FQm which can be obtained from permutation polynomials over
FQ, and in particular we prove Theorem 1.1. Our constructions rely
on the following result.
Lemma 2.1. Pick h ∈ Fq[x] and integers r, s > 0 such that s | (q− 1).
Then f(x) := xrh(x(q−1)/s) permutes Fq if and only if
(1) gcd(r, (q − 1)/s) = 1 and
(2) xrh(x)(q−1)/s permutes the set of s-th roots of unity in F∗q.
This lemma has been used in several investigations of permutation
polynomials, for instance see [9, 13, 16, 17, 18, 19]. Its short proof is
given in [13, 16, 17, 19].
We now deduce Theorem 1.1 from Lemma 2.1.
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Proof of Theorem 1.1. In light of Lemma 2.1, it suffices to show that
g(x) and g˜(x) := xrh(x)(q−1)/(Q−1) induce the same mapping on F∗Q.
For β ∈ F∗Q, the fact that (q − 1)/(Q− 1) = 1 +Q +Q
2 + · · ·+Qm−1
implies that
g˜(β) = βrh(β)(q−1)/(Q−1) = βr
m−1∏
j=0
h(β)Q
j
= βr
m−1∏
j=0
h(Q
j)(β) = g(β),
which completes the proof. 
Corollary 1.2 follows at once from Theorem 1.1. To deduce Corol-
lary 1.3 from Corollary 1.2, note that xn permutes FQ (since n is
coprime to Q − 1), so g(x) := xrh(x)m permutes FQ if and only if
g(x)n = xrnh(x)mn permutes FQ; since mn ≡ 1 (mod Q− 1), this last
condition says that xrnh(x) permutes FQ.
Corollaries 1.2 and 1.3 apply Theorem 1.1 in the special case that
h(x) ∈ FQ[x]. In the rest of this section we demonstrate how to apply
Theorem 1.1 when h(x) /∈ FQ[x]. For simplicity, we restrict to the case
that g(x) is a member of some of the simplest classes of permutation
polynomials over FQ: specifically, we use permutation polynomials over
FQ of degree at most 5. These low-degree permutation polynomials
were classified in Dickson’s thesis [5, §87]. We now recall a simplified
version of Dickson’s result.
Lemma 2.2. The following polynomials permute FQ:
(1) x3 if Q 6≡ 1 (mod 3)
(2) x3 − βx if Q = 3n and β ∈ F∗Q is a nonsquare
(3) x4 + βx2 + γx if Q = 2n and β, γ ∈ FQ and x
4 + βx2 + γx
has no nonzero roots in FQ
(4) x5 if Q 6≡ 1 (mod 5)
(5) x5 + βx3 + 5−1β2x if Q ≡ ±2 (mod 5) and β ∈ FQ
(6) x5 − βx if Q = 5n and β ∈ FQ is not a fourth power
(7) x5 + 2βx3 + β2x if Q = 5n and β ∈ FQ is a nonsquare.
Conversely, for every degree-3 permutation polynomial f(x) over FQ,
there exist θ, µ, ν ∈ FQ with θ 6= 0 such that θf(x + µ) + ν is on the
above list. The same is true for degree-4 permutation polynomials if
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Q 6= 2, 3, 7, and for degree-5 permutation polynomials if Q > 7 and
Q 6= 13.
We now use degree-3 permutation polynomials over FQ to construct
degree-(Q+ 2) permutation polynomials over FQ2:
Corollary 2.3. Pick α ∈ F∗Q2, and write fα(x) := x
Q+2 + αx. Then
fα permutes FQ2 if and only if one of the following occurs:
(1) Q ≡ 5 (mod 6) and αQ−1 has order 6;
(2) Q ≡ 2 (mod 6) and αQ−1 has order 3; or
(3) Q ≡ 0 (mod 3) and αQ−1 = −1.
In particular, the number of elements α ∈ F∗Q2 for which fα permutes
FQ2 is either 2(Q − 1) or Q − 1 or 0, depending on whether Q is
congruent to 2, 0 or 1 modulo 3.
This result is from [13]. Since that paper is unpublished, we include
the proof.
Proof. By Theorem 1.1, fα permutes FQ2 if and only if the polynomial
gα(x) := x(x + α)(x + α
Q) permutes FQ. By Lemma 2.2, the latter
condition never occurs if Q ≡ 1 (mod 3).
Now suppose that Q ≡ 2 (mod 3), so that gα permutes FQ if and
only if gα(x) = (x+ µ)
3 − µ3 for some µ ∈ FQ. Note that µ 6= 0 (since
α 6= 0). We have (x + µ)3 − µ3 = x(x + µ − ωµ)(x+ µ − ω2µ) where
ω is a primitive cube root of unity. By unique factorization in FQ2[x],
and the fact that ω /∈ FQ, it follows that fα permutes FQ2 if and only if
α = µ(1−ω) for some primitive cube root of unity ω and some µ ∈ F∗Q.
Equivalently, αQ−1 = (1− ω)Q−1, which we compute to be
(1− ω)Q−1 =
(1− ω)Q
1− ω
=
1− ωQ
1− ω
=
1− ω2
1− ω
= 1 + ω = −ω2.
It follows that (1− ω)Q−1 has order six if Q odd, and order three if Q
even, and conversely each element of these orders occurs as (1−ω)Q−1
for some choice of ω. This concludes the proof when Q ≡ 2 (mod 3).
Now suppose that Q ≡ 0 (mod 3). By Lemma 2.2, the only cubic
permutation polynomials over FQ which are monic and divisible by x
are the polynomials x3 − βx where β ∈ FQ is either 0 or a nonsquare.
For β 6= 0, any such polynomial is the product of x and an irreducible
quadratic in FQ[x], so it equals x(x+α)(x+α
Q) if and only if α2 = β.
It follows that, for α ∈ F∗Q2, the polynomial gα permutes FQ if and only
if α2 is a nonsquare in FQ, or equivalently α
Q−1 = −1. 
Likewise, using degree-4 permutation polynomials over Fr yields the
following result from [13].
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Corollary 2.4. Let Q be a prime power. For α ∈ F∗Q3, the polynomial
xQ
2+Q+2 + αx permutes FQ3 if and only if one of the following occurs:
(1) Q is even and αQ
2
+ αQ + α = 0;
(2) Q = 7 and α24 + α18 + 4α12 + 2 = 0;
(3) Q = 3 and α12 + α10 + α4 + 1 = 0; or
(4) Q = 2 and α 6= 1.
The number of elements α ∈ F∗Q3 having the stated properties is Q
2−1,
24, 12 and 6 in cases (1)–(4). For α ∈ F∗Q2, the polynomial x
Q+3+αx2
permutes FQ2 if and only if Q = 2 and α 6= 1.
Proof. First assume α ∈ F∗Q3. By Theorem 1.1, x
Q2+Q+2+αx permutes
FQ3 if and only if gα(x) := x(x + α)(x + α
Q)(x + αQ
2
) permutes FQ.
By Lemma 2.2, the latter condition never occurs if Q is odd, except
possibly when Q ∈ {3, 7}. Since it is easy to verify the result directly
for Q ≤ 7, we assume henceforth that Q is even and Q > 2. In this
case, gα permutes FQ if and only if α + α
Q + αQ
2
= 0 and gα has no
nonzero roots in FQ, and one easily checks that the latter condition
follows from the former since α 6= 0.
Now assume α ∈ F∗Q2 . As above, x
Q+3 + αx2 permutes FQ2 if and
only if gcd(2, Q+1) = 1 and gα(x) := x
2(x+α)(x+αQ) permutes FQ.
The first condition says that Q is even, so if Q > 2 then Lemma 2.2
implies that α is not in FQ and gα has no degree-three term, which
cannot both occur. Finally, the result is clear when Q = 2. 
Finally, using degree-5 permutation polynomials over FQ yields the
following result.
Corollary 2.5. Pick any prime power Q, and any α ∈ F∗Q2. The
polynomial x2Q+3+αx permutes FQ2 if and only if one of the following
holds:
(1) Q ≡ ±2 (mod 5) and α2Q−2 − 3αQ−1 + 1 = 0;
(2) Q = 5n and either αQ−1 = −1 or α(Q−1)/2 = −1;
(3) Q = 13 and α12 − 3α6 + 1 = 0;
(4) Q = 5 and α4 − α2 + 1 = 0; or
(5) Q = 3 and either α = 1 or α2 = −1.
The number of elements α ∈ FQ2 having the stated properties is 2Q−2
in case (1), 3(Q − 1)/2 in case (2), and 12, 4 and 3 in cases (3), (4)
and (5).
Proof. By Theorem 1.1, x2Q+3+αx permutes FQ2 if and only if gα(x) :=
x(x2+α)(x2+αQ) permutes FQ. The result is easy to verify if Q ≤ 13,
so we assume throughout that Q > 13.
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First suppose Q 6≡ 0 (mod 5). By Lemma 2.2, gα permutes FQ if
and only if Q ≡ ±2 (mod 5) and gα(x) = x
5 + βx3 + 5−1β2x for some
β ∈ F∗Q, or equivalently (x+α)(x+α
Q) = x2 + βx+5−1β2. If this last
equality holds then
αQ−1 + α1−Q =
(αQ + α)2
αQ+1
− 2 =
β2
5−1β2
− 2 = 5− 2 = 3,
so that α2Q−2−3αQ−1+1 = 0. Conversely, if α ∈ F∗Q2 satisfies α
2Q−2−
3αQ−1 + 1 = 0, then (αQ + α)2 = 5αQ+1, so β := αQ + α satisfies
(x + α)(x + αQ) = x2 + βx + 5−1β2. Here β ∈ FQ, and further β 6= 0
since otherwise we would have αQ−1 = 1 so that α2Q−2−3αQ−1+1 = −1
is nonzero. In case Q 6≡ 0 (mod 5), it remains only to show that the
polynomial x2Q−2 − 3xQ−1 + 1 has 2Q − 2 roots in F∗Q2. It suffices to
show that x2 − 3x + 1 is irreducible over FQ, since then the roots of
this polynomial in FQ2 are γ and γ
Q; since the product of the roots is
1, it follows that γQ+1 = 1, so that γ has (Q − 1) distinct (Q − 1)-th
roots in F∗Q2. Thus, we need only show that x
2 − 3x+ 1 is irreducible
over FQ. To this end, write Q = p
j with p prime; since Q ≡ ±2
(mod 5), we see that j is odd and p ≡ ±2 (mod 5). Since j is odd,
irreducibility of x2 − 3x+ 1 over FQ is equivalent to irreducibility over
Fp. The latter irreducibility is clear if p = 2, so assume p is odd. Then
x2−3x+1 is irreducible over Fp if and only if its discriminant (namely
5) is a nonsquare in Fp, which by quadratic reciprocity is the same as
requiring that p is a nonsquare in F5, which indeed is the case since
p ≡ ±2 (mod 5).
Now suppose Q ≡ 0 (mod 5). Note that if gα(x) has a term of
degree 3, then gα(x+ µ) has a term of degree 2 for any µ ∈ F
∗
Q. Thus,
Lemma 2.2 implies that gα permutes FQ if and only if either
(1) α + αQ = 0 and −αQ+1 is not a fourth power in FQ, or
(2) (x+ α)(x+ αQ) = x2 + 2βx+ β2 for some nonsquare β ∈ FQ.
In the first case, since αQ−1 = −1, we have α /∈ FQ and −α
Q+1 = α2,
so −αQ+1 is a nonsquare in FQ and hence is not a fourth power. In the
second case, the equality (x+ α)(x+ αQ) = (x+ β)2 occurs just when
α = β. 
3. Complete permutation polynomials
In this section we use the results of the previous section to construct
complete permutation polynomials.
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Corollary 3.1. Pick α ∈ F∗Q, and put q = Q
m where m and s are
positive integers with gcd(m,Q−1) = 1. Then f(x) := αx1+s(q−1)/(Q−1)
is a complete permutation polynomial over Fq if and only if
(1) gcd(1 + s(q − 1)/(Q− 1), Q− 1) = 1 and
(2) αxms+1 + x permutes FQ.
Proof. By Corollary 1.3 with r = 1 and h(x) = αxs + 1, we see
that f(x) + x permutes Fq if and only if g(x) := x
n(αxs + 1) per-
mutes FQ, where mn ≡ 1 (mod Q − 1). Since gcd(m,Q − 1) = 1,
the polynomial xm permutes FQ, so g(x) permutes FQ if and only if
g(xm) = xmn(αxms+1) permutes FQ. Since mn ≡ 1 (mod Q−1), this
last condition says that x(αxms+1) permutes FQ. Next, f(x) permutes
Fq if and only if 1 + s(q − 1)/(Q − 1) is coprime to q − 1; since this
number is clearly coprime to (q − 1)/(Q− 1), it suffices to ensure that
it is coprime to Q− 1. 
One can use Corollary 3.1 to exhibit many families of complete per-
mutation polynomials, by using the various known families of permu-
tation binomials over FQ. We give only one instance of this, which
suffices to answer the open problem in [14].
Corollary 3.2. If Q is a power of 4, and α ∈ FQ is not a cube, then
αx(Q+1)Q/2 is a complete permutation polynomial over FQ2.
Proof. We apply Corollary 3.1 with m = 2 and s = Q/2 + 1. Since
1+s(Q+1) = (Q+1)Q/2 is coprime to Q−1, it follows that αx(Q+1)Q/2
is a complete permutation polynomial over FQ2 if and only if αx
Q+3+x
permutes FQ. This polynomial induces the same function on FQ as
does αx4+x. In particular, this function is a homomorphism from the
additive group of FQ to itself, so it is bijective if and only if its kernel
is trivial, which is the case since α is not a cube in FQ. 
Remark 3.3. The open problem in [14] asked whether there exist
complete permutation polynomials over F22e . The previous corollary
provides complete permutation polynomials more generally over every
field F24d . As noted above, one can produce many further complete
permutation polynomials as consequences of Corollary 3.1.
The rest of the results in this section use the permutation polynomi-
als from Corollaries 2.3, 2.4 and 2.5 to produce complete permutation
polynomials.
Corollary 3.4. For α ∈ F∗Q2 and β ∈ FQ, the polynomial f(x) :=
αxQ+2+βx is a complete permutation polynomial over FQ2 if and only
if one of the following holds:
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(1) Q ≡ 5 (mod 6) and αQ−1 has order 6;
(2) Q ≡ 2 (mod 6) and αQ−1 has order 3; or
(3) Q ≡ 0 (mod 3) and αQ−1 = −1.
Proof. At least one polynomial in {f(x), f(x)+x} has terms of degrees
Q + 2 and 1, so by Corollary 2.3 if f(x) is a complete permutation
polynomial then Q 6≡ 1 (mod 3). Conversely, suppose that Q 6≡ 1
(mod 3). It follows that αxQ+2 permutes FQ2: for, this is equivalent
to requiring gcd(Q + 2, Q2 − 1) = 1, and gcd(Q + 2, Q2 − 1) divides
gcd(Q2 − 4, Q2 − 1) = gcd(3, Q − 1) = 1. Each of f(x) and f(x) + x
has the form αxQ+2 + γx with γ ∈ FQ, and at least one of them has
γ ∈ F∗Q. Since αx
Q+2 + γx permutes FQ2 if and only if x
Q+2 + γα−1x
permutes FQ2, and (γα
−1)Q−1 = α1−Q, the result now follows from
Corollary 2.3. 
Corollary 3.5. For α ∈ F∗Q3 and β ∈ FQ, the polynomial f(x) :=
αxQ
2+Q+2 + βx is a complete permutation polynomial over FQ3 if and
only if one of the following holds:
(1) Q is even and αQ
2
+ αQ
2
−Q+1 + α = 0;
(2) Q = 7 and 2α24 + 4α12 + α6 + 1 = 0 and β /∈ {0,−1};
(3) Q = 3 and α12 + α8 + α2 + 1 = 0 and β = 1; or
(4) Q = 2 and α 6= 1.
Proof. This follows from Corollary 2.4 in the same way that Corol-
lary 3.4 followed from Corollary 2.3. All that is required is to determine
when gcd(Q2 +Q+ 2, Q3 − 1) = 1. Note that this gcd is even when Q
is odd, so we may assume that Q is even. Now gcd(Q2+Q+2, Q3−1)
divides (Q2 + Q + 2)(Q − 1) − (Q3 − 1) = Q − 1 and hence divides
Q2+Q+2− (Q− 1)(Q+2) = 4, so gcd(Q2 +Q+2, Q3− 1) = 1 when
Q is even. 
Corollary 3.6. For α ∈ F∗Q2 and β ∈ FQ, the polynomial αx
2Q+3+βx
is a complete permutation polynomial over FQ2 if and only if one of
the following holds:
(1) Q ≡ ±2 (mod 5) and α2Q−2 − 3αQ−1 + 1 = 0;
(2) Q = 5n and αQ−1 = −1;
(3) Q = 5n and β(Q−1)/2, (β + 1)(Q−1)/2 ∈ {0,−α(Q−1)/2};
(4) Q = 13 and α12 − 3α6 + 1 = 0 and β ∈ {0, 3,−4,−1};
(5) Q = 13 and α12 + 3α6 + 1 = 0 and β ∈ {5, 6, 7};
(6) Q = 5 and α4 − α2 + 1 = 0 and β ∈ {0,−1};
(7) Q = 5 and α4 + α2 + 1 = 0 and β = 2;
(8) Q = 3 and α2 = −1; or
(9) Q = 3 and α+ β = 1.
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Proof. This follows from Corollary 2.5 using the same argument as
in the proof of Corollary 3.4. Again, it suffices to determine when
gcd(2Q+3, Q2−1) = 1. Note that gcd(2Q+3, Q2−1) equals gcd(2Q+
3, Q + 1) · gcd(2Q + 3, Q − 1), and since 2Q + 3 = 2(Q + 1) + 1 and
2Q+ 3 = 2(Q− 1) + 5 we see that gcd(2Q+3, Q2− 1) = 1 if and only
if Q 6≡ 1 (mod 5). 
Remark 3.7. Many further families of complete permutation poly-
nomials can be constructed using the same methods as above. For
instance, since the inverse of a complete permutation polynomial is
again a complete permutation polynomial, one can use the inverses of
the complete permutation polynomials constructed above. These in-
verses take an especially simple form in case the polynomial itself is a
monomial.
4. Mutually orthogonal latin squares
In this section we explain how the permutation polynomials con-
structed in this paper can be used to produce complete sets of mutu-
ally orthogonal latin squares, and consequently to produce projective
planes.
We begin by recalling the definitions. A latin square of order n is
an n × n matrix with entries from an n-element set S, such that each
element of S occurs exactly once in each row and each column. Two
such squares L1 = [αij ] and L2 = [βij ] which have the same set S are
called orthogonal if every ordered pair in S × S occurs as (αij, βij) for
some i, j. A set of pairwise orthogonal latin squares is called a set of
mutually orthogonal latin squares (MOLS). Any set of MOLS of order
n has cardinality at most n − 1, and a set of n − 1 MOLS of order n
is called a complete set of MOLS of order n. A classical argument of
Bose [2] shows that a complete set of MOLS of order n can be used to
produce a projective plane of order n (see also [4, Thm. 5.2.2]).
We will always take S to be the finite field Fq, and we will label
the rows and columns of our latin squares by the elements of Fq. In
this case, a permutation polynomial f over Fq corresponds to the latin
square whose ij-th entry is i+f(j), and the latin squares corresponding
to two permutation polynomials f, g are orthogonal if and only if f −g
is a permutation polynomial. Via this correspondence, the following
consequences of Corollaries 2.3, 2.4 and 2.5 exhibit complete sets of
mutually orthogonal latin squares of order q.
Corollary 4.1. Let Q be a prime power with Q 6≡ 1 (mod 3), and let
α be any fixed element of FQ2 for which α
Q−1 has order either 6 (if
Q ≡ 5 (mod 6)) or 3 (if Q ≡ 0 (mod 2)) or 2 (if Q ≡ 0 (mod 3)).
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Then the set of all polynomials βxQ+2 + αγx with β, γ ∈ FQ, where at
least one of β, γ is nonzero, corresponds to a complete set of Q2 − 1
MOLS of order Q2.
Corollary 4.2. Let Q be a power of 2. Then the set of all polynomials
βxQ
2+Q+2 + αx with β ∈ FQ and α
Q2 + αQ + α = 0, where at least one
of α, β is nonzero, corresponds to a complete set of Q3 − 1 MOLS of
order Q3.
Corollary 4.3. Let Q be a prime power which is congruent mod 5 to
either 0, 2, or −2, and let α be any fixed element of FQ2 for which
α2Q−2 − 3αQ−1 + 1 = 0. Then the set of all polynomials βx2Q+3 + αγx
with β, γ ∈ FQ, where at least one of β, γ is nonzero, corresponds to a
complete set of Q2 − 1 MOLS of order Q2.
5. The results of Xu, Cao, Tu, Zeng and Hu
In this section we show how our results imply all three main results
in [15], as well as three of the four main results in [12]. We note that
the proofs in [12] and [15] involve lengthy computations based on a
completely different method than the one in the present note.
The first main result of [15] is [15, Thm. 3.1], which follows from the
special case of Corollary 3.4 in which β = 0 and Q = 3j with j odd.
Note that Corollary 3.4 exhibits complete permutation polynomials for
every prime power Q such that Q 6≡ 1 (mod 3).
Likewise, [12, Thm. 1] follows from the special case of Corollary 3.5
in which β = 0 and Q = 2j with gcd(j, 3) = 1. Note that Corollary 3.5
exhibits complete permutation polynomials whenever Q is a power of
2.
Next, [15, Thm. 2] and [15, Thm. 3.3] follow from the special cases
of Corollary 3.6 in which β = 0 and either Q = 2j or Q = 3j. Note
that Corollary 2.5 exhibits complete permutation polynomials for every
prime power Q which is congruent to 0, 2 or 3 (mod 5).
The third main result of [15] is an immediate consequence of the
following result from our previous paper [19, Cor. 5.3] (which itself is
a simple consequence of Lemma 2.1):
Lemma 5.1. Let Q be a prime power, let r and d be positive integers,
and let β be a (Q+1)-th root of unity in FQ2. Then x
r+d(Q−1) + β−1xr
permutes FQ2 if and only if all of the following hold:
(1) gcd(r, Q− 1) = 1
(2) gcd(r − d,Q+ 1) = 1
(3) (−β)(Q+1)/ gcd(Q+1,d) 6= 1.
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By restricting to the case r = 1, we obtain the following complete
permutation polynomials from this result:
Corollary 5.2. Let Q be a prime power, let d be a positive integer,
and let β be a (Q + 1)-th root of unity in FQ2. Then βx
1+d(Q−1) is
a complete permutation polynomial over FQ2 if and only if all of the
following hold:
(1) gcd((d− 1)(2d− 1), Q+ 1) = 1
(2) (−β)(Q+1)/ gcd(Q+1,d) 6= 1.
By restricting to the special case that 2d | (Q + 1), we obtain a
stronger version of [15, Thm. 3.5]. By restricting to the special case
that Q is even and d = Q/4 + 1, we obtain a stronger version of [12,
Thm. 3].
The results in this paper do not imply [12, Thm. 4]. That result was
proved by using a particular case of a generalization of Lemma 2.1 from
[1]. Whereas the proof of Lemma 2.1 involves the multiplicative group
of Fq, the proof of [12, Thm. 4] involves instead the additive group of
Fq. It would be good to understand the general class of all permutation
polynomials which can be produced by variants of the method used to
prove [12, Thm. 4].
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